5. The depth of a node n is the unique path from root node to the node n. The depth
of the tree is the unique path from root node to the deepest leaf node.

6. The height of a node n is the unique path from the node n to the root node. The
height of the tree is the unique path from deepest leaf node to the root node.

7. The height of the tree must be equal to the depth of the tree.
Therefore H(T)= D(T). Where H represents the Height, D represents the Depth and T
represents the Tree.

8. All the leaves at height zero and the depth of the root is zero.

9. |Ifthereis a direct path from nl to n2 then nlis an ancestor of n2 and n2 is
descendant of nl.

10. A tree should not have multiple paths from node nl to node n2.

The above tree, height and depth of the tree: 3
Height of root node: 3 ; Depth of all the leaf nodes: 3
Depth of Root node: 0 ; Height of all the leaves : 0

10.2.1 Binary Tree: A tree is called binary tree if all the nodes in the tree has at the most two
children. In a binary tree a parent can have either zero child or one child or two children.
Note: All the nodes have at the most two children.

10.2.2 Strictly Binary Tree: A binaryTree is called strictly binary tree if every non leaf node in a
binary tree has non empty left sub-tree and right sub-tree.

Any binary tree can be conve t adding left sub-tree or right sub-tree.
In the above tree all the non leaf nodes have le ~ree as well as right sub tree also. A is a non leaf
node has left and right sub tree similarly C is a non leaf node has left and right sub tree. Therefore the
above tree is a strictly binary tree.
10.2.3 Almost complete Binary Tree: A binary tree is called almost complete binary tree if it satisfys
the following two properties:

1. All the leaf nodes should be present either at level d or d-1.

2. Any non leaf none if it has right sub-tree then there should be left sub-tree also.

In this tree C, D, E are
B has right sub tree therero
hence it is an almost complete binary tree.

ailable either at depth d or d-1.
£ft sub tree as well. The node B has both the sub trees
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Complete Binary Tree: A binary tree is called complete binary tree if it satisfies the following
properties:
Each node in tree must have at the most two children.

In a complete binary tree with n node at position i, the left child node must be
present at position 2i such that 2i<=N where N is the total number of nodes in a tree
and the right child node must be present at position 2i+1 such that 2i<=N where N is
the total number of nodes in a tree.

The parent of left child node must be present at position i/2 such that i/2<N where
N is the total number of nodes in a tree and the parent of right child node must be
present at position (i-1)/2 such that (i-1)/2< N where N is the total number of nodes
inatree.

The complete binary tree at depth d is a strictly binary tree in which all the leaves
are present at depth d.

The complete binary tree of level | contains 2' at any level of a complete binary tree.
The total number of nodes in a complete binary tree will be calculated E(I=0 to d) 2'.
Lo

L1
2

Each level number of nodes in Complete Binary : 2°

Total Number of nodes at level 0: 2°=1

Total Number of nodes at level 1: 21=2

Total Number of nodes at level 2: 22=4

Total Number of nodes at level 2: 23=8

Total Number of nodes in the tree: LO + L1 + L2 + L3= 1+2+4+8=15

Conversion of Tree to Binary tree: A tree can be converted to a binary tree with the help of following
statement:

The left child of a node n will remain the left child of a node n and the right sibling will become the
right child of a node n.

(L SO

10.4 Construction of Binary Tree: The binary tree can be constructed with the help of following norms:

1.
2.
3.

Start with the first value, become the root node.
The next value will be added at the last position of the tree.
Always first add the left child of the parent then the right child to the parent.

Problem: Construct Binary tree of Mon, Tue, Wed, Thu, Fri, Sat



Step 1: Step 2: Step3: @
Step 4: ° @
(e & S G
Binary Search Tree: Binary Search J#eeT15a binary tree in which a left child node yamueTs
less than the

Parent node and the right child a node must be greater than eq nt

node.

Problem 1: Construct the binary search tree for the following values.
25,246,7,11, 8, 27, 34, 45, 16,
Step 5:

hu, Fri, Sat, Sun

Notalphabetical order.

Problems for Practice

Construct the binary search tree for the following values.

Jan, Feb , Mar, Apr, May, June, July, Aug, Sept, Oct, Nov,
Construct the binary search tree for the following values.

Dec, Nov, Oct, Sept, Aug, July, June , May, Apr, Mar, Feb, Jan
10.5.2 Operations on Binary Search Tree: The following operations can be performed on Binary Search.
How to insert a node in a binary search tree: If the new node value is less than the parent node value
then the new node value will be the part of left sub-tree otherwise right sub-tree.
Inserted Value Thu

Tue Thu Tue



How to delete a node from a binary search tree: Any node can be deleted from the bellow binary
search tree.

If the deleted node is a leaf node then delete th from the binary tree.

Delete Thu :

If the node to be deleted has only one child 1 Id of node n will be connected with the
parent of the node n and the node n can be re
Delete: Tue

If a deleted node n has t then either replace the high left sub-tree from the

Awest value of right sub-tree fro edeleted node value.
Replaced by lowest value from

10.6Tree ersal: Tree $ to visit all the nxa traversal is possible only for
Simp 6 and a ary trees. Tree traversa~—des not requi orithm. In case of Binary tree
the traverse will start from root not and covers all the nodes from left to right.

N

Tr of above tree: ABCD( B -
Binary Tree Traversal: The meani?rg—c@mark /GV\n O Visit——yodes ofa-binarytree
N

exaetly-once—Thereare three types of bipary tree traversals:

3. Post-Order Traversal
(2) (o

8

The Algorithms of Binary Tree Traversals: @ e

Pre-Order Traversal
1. Visit the root node.

2. Traverse the left sub-tree in Pre-Order.
3. Traverse the Right sub-tree in Pre-Order.

Pre Order Traversal of tree in dig 8: 25, 24, 6, 7, 27
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In-Order Traversal
1. Traverse the left sub-tree in In-Order.

2. Visit the root node.
3. Traverse the Right sub-tree in In-Order.

In Order Traversal of tree in dig 8: 6, 24, 7, 25, 27
Post-Order Traversal
1. Traverse the left sub-tree in In-Order.

2. Traverse the right sub-tree in In-Order.
3. Visit the root node.

Post Order Traversal of tree in dig 8: 6, 7, 24, 27, 25

Problems for Practice:

Problem 1: Construct and Traverse the binary tree in Pre-Order, In-Order and Post-
Order .

92,246,7,11,8,22,4,5,16,19,20,78

Problem 2: Construct and Traverse the binary tree in Pre-Order, In-Order and Post-
Order .

Mon, Tue, Wed, Thu, Fri, Sat, Sun

Problem 3: Construct and Traverse the binary tree in Pre-Order, In-Order and Post-
Order .

Jan, Feb, Mar, Apr, May, June, July, Aug, Sept, Oct, Nov, Dec.

Problem 4: Construct and Traverse the binary tree in Pre-Order, In-Order and Post-
Order.

Dec, Nov, Oct, Sept, Aug, July, June , May, Apr, Mar, Feb, Jan

Construction of Binary Tree from the Traversal of the tree:

If any of the traversal pre-order or post-order is given the tree can be constructed using
following method:

Pre- Oder and In-Order

1. The first value of pre-order traversal becomes the root node value.

2. All the values lying left to the same value in in-order will be the part of left sub-tree
and the values which are right to the in-order of the same value will be part of right
sub-tree.

Problem: Construct a binary tree of a traversal of the tree for which the following is the in-order
and Pre-order Traversal.
In-Order:A BCEDFIJGIH
Pre-Order: JCBADEFIGH
Step 3:
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Problem: Construct a binary tree of a traversal of the tree for which the following is the in-order

and Post-order Traversal.

Post-Order: FECHGDBA Step 1: Step 2:

In-Order: FCEABHDG °
Step 3:

Practice Problem:

Pre-order a

of infix notation in which the operator is coming

d : k re
between the ands. For example A+B where A and B are the operands and + is an operator
which is coming between operands A and B. While representing an algebraic equation in the

form of binary tree, the entire operator will be either root node or internal nodes and all the

operands will be the leaf nodes.

Expression tree satisfy following properties:

1. Itrepresents an algebraic equation in the form of binary tree.

2. All the operators will be either root node or an internal node and all the operands
will always be the leaf nodes.

3. Expression is an infix notation of a binary tree.

4. If you traverse the expression tree in an in-order then it is converted in to an

algebraic equation. ‘

Algebraic equation A+B can be represented as

Problem: Q
How to construct an expression Tree:

Step1l: Convert the algebraic equation either in to pre fix notation or postfix notation.

Step 2: By Prefix / Postfix notation identify the root.

Step 3: All the values which comes left to prefix value in infix notation will be part of left sub tree and
the values come to right to the prefix value in infix notation will be the part of right sub tree.

Construct an expression tree of the following algebraic equation.
A+B*C+D
Infix Notation: A+ B * C+ D @

Prefix Notation: *+AB+CD

Construct an expression Tree for the foIIowi@quatio
A. A+B*C B. (A+B)*(C-D) .A*C+D/F

Construct an expression Tree for the following algebraic equation:
A. 2+P+Q*C B. (A-B)/(C+D) E.A*C * D/F F.P/Q+Z-U

Convert the expression in prefix notation and post fix notation and then construct the tree.
A. A/B*C B. (A+B*C)/(E-D) E.A*C * D/F F. X/Y-Z*U
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Example: Infix Notation:  (A+B)/(C-D)

Threaded tree:Threa- o ° tre

eNs a solution of traversing the tree without using back tracking

tree is constructed and traverse the same tree in in-order then to visit the next
sasses through a previous node value. Threaded binary tree is a solution of back
tracking method in which while traversing the tree in in-order, it will not pass through the
previous node value.

Process: Traverse the binary tree in in-order and mark all the successor node of all the leaf node
of in-order traversal tree of the same tree. These leaf nodes will be connected to their successor
node value by a thread which is redirecting the leaf node value to connect with successor node
and avoid going to previous node value.

In-order: B G D H K L A E I C J
F

Leaf Nodes: G L I J

Successor Leaf nodes : G-> D; L->A I->C J->F

Therefore G will be connected with D by a threaded. Similarly Lby A, | by Cand J by F.
Binary Threaded Tree

Threads are proving an alternate path to move from one node to another node.

Huffman tree: Huffman Tree is a representation of alphabets or numbers as per their frequency.
Many times we see an alphabet is repeated multiple times or combination of alphabets is



repeated in the same combination. Huffman coding is a lossless data compression technique. In
this all the alphabets are assigned variable length unique code by forming the tree. This tree is
called Huffman Tree.

How to construct a Huffman Tree:

1.

o vk w

Arrange all the alphabets in ascending or descending order and place them a leaf
node of a tree.

Add two lowest frequency nodes and form a new node which will be one level up.
The value of this new node will be the addition of both the nodes which are added.
Keep adding two lowest frequency nodes which are not yet added.

Repeat step number three un till a root is formed.

Assign 0 to all the left branch of the tree and 1 to all the right branch of the tree.

A code of each alphabet is identified by reading the branch values from top to
bottom which is a unique path from root to the leaf node.

Problem: Construct Huffman Tree for the following data values:

Symbol A B C D E F G H

Frequency |6 13 4 18 28 10 20 14

Arrange all the alphabets in descending order as per their frequency:

E G D H B F A C
28 20 18 14 13 10

o
@@@@@@

@ @)
@Z @



Huffman Code:
E: 00 D: 011 B: 101 A: 1110
G: 010 H:100 F: 110 C:1111

10.11 AVl tree: AVL Tree is identified by Adelson Velskii and Landis. That is why it is called as AVL Tree.
AVL tree is a solution of a binary search tree which is constructed for either all the
values of increasing order or decreasing order. It has following problems:

1. When a binary search tree is constructed of ascending or descending values it
will go one side either left hand side or right hand side.
2. The tree will not look like a tree at the same time and it will not be balanced.

Therefore AVL Tree is a solution to overcome from both the above problems.

AVL Tree is a binary search tree in which the difference between the height of left sub tree and the
height of right sub tree must be less than equal to one. The condition can be represented by
following equation.
HL~ Hr<=1

Hv is Height of Left sub tree
Hr is Height of Right sub-tree.
Since the tree will be balanced therefore it is called as Height Balance tree or Balanced Binary Search
Tree.
AVL Tree must satisfy the following properties:

1. The difference between the height of left sub tree and the height of right sub tree

must be less than equal to one.
2. Anew node can be added to the AVL tree only if the tree is balanced.
All the nodes must have balance factor either 0 or 1.

How to Balance Binary search tree: Use rotation by finding the unbalancing is due to which sub
tree.
1. If the tree is unbalance due to the height of left sub tree then rotate the tree in to

right hand side. Dig



2. If the tree is unbalance due to the height of right sub tree then rotate the tree in to
left hand side. Dig

3. Ifthe tree is unbalance due to the right sub tree of left sub tree then rotate the tree

first left then right hand side. [In this case there will be multiple rotations to balance
the tree.]

4. |If the tree is unbalance due to the left sub tree of right sub tree then rotate the tree

first right then left hand side. [In this case there will be multiple rotations to balance
the tree.]
5. Digl14.1

Construct AVL Tree for the following values:

10 20 30 40 Step 1 Step 2:
Step 3: Step 4
\ /
(2 Ko O
ancevut step 3 the tree is not bakm—n step 3is not
The AVL Tree is constructed at step 4.

Note: Step 1 and 2 the tree is bal
in to left hand
Problem: Construct the AVL Tree for the following values.

balance because of unbalancing due to right hand side therefore rotate
Mon, Tue, Wed, Thu, Fri, Sat, Sun : @ Step 2: ®’
Step 3:

side.

2 o left of right sub tree then first rotate the sub tree in to

rig . € sub treen to left side and if unbalancing is due to right of left sub tree
then first rotate the sub tree in to left side than rotate the sub tree in to right.
Practice Problems:

e Construct and AVL Tree for the following values.
92,246,7,11,8,22,4,5,16,19,20,78
e Construct and AVL Tree for the following values.
Sun, Mon, Tue, Wed, Thu, Fri, Sat
e  Construct and AVL Tree for the following values.
Jan, Feb, Mar, Apr, May, June, July, Aug, Sept, Oct, Nov, Dec.
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10.12.2

e Construct and AVL Tree for the following values.
Dec, Nov, Oct, Sept, Aug, July, June , May, Apr, Mar, Feb, Jan

Heap: Heap Tree is binary tree in which parent node is either greater than its children or lesser
than its children. There are two types of Heap Tree.

Max Heap Min Heap c
If the parent nod e@ then it is called as Max Heap.
If the parent node er than its cf

hen it is called as Min Heap.
1. Max Heap: Max Heap Tree is binary tree in which parent node is greate

children. Using max heap tree the values will be coming in descending order if the

same heap tree is used for shorting.

2. Min Heap: Min Heap Tree is binary tree in which parent node is greater than its
children. Using min heap tree the values will be coming in ascending order if the
same heap tree is used for shorting.

How to construct a Heap Tree
Steps to construct Max Heap: Follow the following steps to construct max heap.
1. The first value becomes the root node of the tree.

2. Add next value at the last position of the three. If the parent value is lesser than its
children the replace the parent node value to the greater child value and the tree is
converted in to heap.

3. Repeat the step number 2 until all the values are added in to the heap tree.

Construct Max Heap for the following values:
16, 19, 85, 79, 54, 38, 26, 36

Step 2: Step 3 - 5 °
o
16
(= X

Step 1:

Qi)

o c he root node of the tre

children the reprace the parent node value to the lowest child value and the tree is
converted in to heap.
3. Repeat the step number 2 until all the values are added in to the heap tree.



The way max heap is constructed; min heap can also be constructed similarly.
10.12.3 Steps to apply Heap Short:
1. Convert the tree in to heap.

2. Take out the value from the root.
3. Replace last node value from the root node value.
4. Go to step 1 until number of nodes are greater than one.

Hence the valuésare in sorted order fis sriest value to the lowest value. Max heap sort will
arrange the values in descending order while min heap arrange the values in ascending order.
Reheap up and Reheap down: The concept of reheap up and reheap down is how the values are
shifting upward direction or downward direction while constructing the heap tree. If the values are
shifting upward direction then it is call Reheapup and if the values are shifting downward direction
then it is call reheap down.
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11.2

11.3

11.4
11.5

11.6

M- Way Tree
11.1.1 M Way-Tree
11.1.2 Construction of M-Way Tree

B-Tree

11.2.1 B-Tree
11.2.2 Construction of B-Tree

B* Tree
11.3.1 B*

Tree

Unit 5: Chapter 11
M- Way Tree

11.3.2 Construct of B*- Tree
Deletion from B-Tree/ B* Tree
Similarities and Difference from B-Tree and B* Tree
11.5.1 Similarities in B-Tree and B* Tree
11.5.2 Difference from B-Tree and B* Tree
Practice Problem based on B-Tree and B* Tree

M-Way Tree: M-way tree is a multi valued tree in which a node consists of multiple values and
satisfy the following properties.
1. M-Way tree of order m will have maximum m pointers and m-1 key valuesin a

node. All the keys must be placed in an increasing order or ascending order.

2. If a node has m-1 key values then the node is full. If a node is full then the new key

value will be either left child value of the parent node if it is lesser then its parent

node value or right pointer child value if it is greater than its parent value.

3. Anew key value will be added at the leaf node value.

4. The leaves may not be at the same level.

Construction of

K1<K

/

92,246,7,11,8,22,4,5,16,29,40,78
Maximum Number of key values in a node: (m-1) =5-1=4

er 5 for the following values:

~K2>K

Step 1: 6,7, 24,92
Step 2:
6,7 %4, 92
4,5 6,7 24, 2
—
B-Tree: B treeé multi] '8, 11,16, 22 of

follo 4’ 5

~29,40, 78

I D It

satisfy the

ororder m will have maximum m pointers and m-1 key values in a node.

All the keys must be placed in an increasing order or ascending order.

2. If anode has m-1 key values then the node is full. If a node is full then split the

node. Select the median value which becomes the parent value. The values
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coming left of median value will become the left child of parent value and the
values coming to right to the median value will become the right child of the
median value. The new key value will be inserted either left child of the parent
node (if it is lesser then its parent node value) or right child value of the parent
node ( if it is greater than its parent value).

A new key value will be added at the leaf node value.

The leaves must be at the same level.

The height of B-tree will always be lesser than M-Way Tree.

o v kuw

The new value will be inserted in the leaf node.

Construction of B Tree: Construct B- tree of order 5 for the following values:
92,246,7,29,8,22,4,5,16,19,20,78
Maximum Number of Key values in a node= m-1=5-1=4

6,7,24,92
24
6,7
2,92
24
6,7,8,22
7, 24
L~
15 1 81619 22 TN 29,92
7, 19 24
L~ 2\ h
8, 16, %‘a 22 AN 29,78,92
B-Treeof Order5 °
4,5,6 nstruct B- tree of order 4 for the following values:

,8,22,4,5,16,19,20,78
Maximum Number of Key values in a node= m-1=4-1=3

6 24 92 J

\
\
6, 7,/{ 2& 92
77T

4,5,6, /M 8113, 22 '\29, 92
1
, 7 16 \g4
8 / ] 1\9, 20, 22 29,78 92

A5 6



B Tree of Order 4

11.3.1 B*-Tree: B* tree is a multi valued tree in which a node consists of multiple values and satisfy the

following properties.
1.

o v kW

7.

B* tree of order m will have maximum m pointers and m-1 key values in a node.

All the keys must be placed in an increasing order or ascending order.

If a node has m-1 key values then the node is full. If a node is full then split the

node only if all the siblings are full. If all the siblings are full then only select the

median value which becomes the parent value. The values coming left of

median value will become the left child of parent value and the values coming

to right to the median value will become the right child of the median value.

The new key value will be inserted either left child of the parent node (if it is
lesser then its parent node value) or right child value of the parent node ( if it is
greater than its parent value). If siblings are not full the rotate the values of the
leaf node and make the place empty for the new key value.

A new key value will be added at the leaf node value.

The leaves must be at the same level.

The height of B*-tree will always be lesser than B Tree.

B* tree is referred for classification of topic. B* tree is also referred for the

purpose of indexing.

The new value will be inserted in the leaf node.

11.3.2 Construction of B* Tree: Construct B*- tree of order 5 for the following values:
92,246,7,29,8,22,4,5
Maximum Number of Key values in a node= m-1=5-1=4

Problem: Construct

6,7,24,92

N

24

6,7

29,\32\

8

94,256,7,8, 29 27 A5 TUS &
/4

Next val

node valuean

—llowing values:

4,5 6,7

6,7,

22,24,29,92

evalues which are coming left to

values 6, 7, 8, 24, 92. 8 will become the root
(6,7) will become the left child of root node and

the values which are coming right to 8 (24, 82) will become the right child of median value.




Next value is

29. It will

6,7,

inserted between 25 an

QA

25,94

Next value is 22. It will be insefted before 25 as the node can

4

sist of maximum

8

25,29,94

Next value is

/

erted after 94 as the node can co

node is full tH

after rotating

't be inserted in to right g

de and 8 will come down

22,25,29,94

Once the key
Next value is

node is full therefore 105 can't be |

22

6,7,

104. It will be i
6,7,

valueg

105. It 67,8

7,

“Bce is empty at rig
I as the node can
1serted in to right child of 8. Hence new value can be inserted

4 key values.

ist of maximum 4 key values But the

tan be inserted

25,29,94, 104

ut the

after rotating 22 as a root node and 8 will come down to the left hand side.

25.

Next value is 4 but both the siblings are full therefore

most value of the same ngfle then median value will b

the left child

Here the new value is insefted below.

25

Now the place is emptyv at the/Ahild of 25 therefore 1Werted in to

6,7,8,22

the right child of

25

29, 94,104

M
coman 7

eft node of 25. Since 4 is the left

6,7,8,22

29,94, 104, 105

dll mava in ang 4’6 will become

6

become the right ch
7 25
8,22 29, 94, 104, 105
|




11.4 Deletion from B Tree:
Deletion from B tree is the deleting the key values from a node. Below are the rules to delete the key
values from the node.

1. The key
values are deleted from the leaf node only.

2. At a time
only one key value is deleted.

3. The key

value can’t be deleted from root node and internal node.

4, Key value
can’t be deleted if the number of key values is less the m/2 key values.

5. If the key
value which is available at leaf node is supposed to be deleted and the node have
more than m/2 key values than delete the key value from the leaf node directly.

6. If the key
value which is available at leaf node is supposed to be deleted and the node have
m/2 key values or less than m/2 key values then merge the leaf node siblings and
then delete the key value from the leaf node directly.

7. If the key
value which is not available at leaf node is supposed to be deleted and the node
have more than m/2 key values then move key value at the leaf node and then
delete the key value from the leaf node directly.

Delete the following key values from the below B-Tree.

7 25
Delete 4; Order m=5; XTTTTUTI MTOET OT KEY V s =m-1=5-1=4
Minimum number of Key values=m/f2=5/2=2.5=2 (any integral part)
23,46 11,15 18,22 29, 94,104, 105

Four is deleted from the leaf node directly since it was available at the leaf node and the node has
more than m/2 Key values.

Since a node has maximum 4 keyaluec hanco the prder is 5. Therefore there can be minimum 2 key
values in a node. 11,15, 18, 22
7 7 25
I
Delete 6
[ ] I
2’ ] 2, 3 ) 6 7 25 29, 94, 104, 105
|

I




6 is deleted from the leaf node since it was available at the leaf node and number of key values in a
node was more than m/2.

Delete 7
7 can’t be deleted directly since it is not available at the leaf node therefore rotate the key values.

7 25

23 11,15, 18, 22 29,94, 104, 105
NoW e at th e
1 11 25
Delete 104 from the tree
15, 18, 22
2,3 29, 94, 104, 105
11 25
Delete 105 from the tree
I 1_I
23 1 55 29, 94, 105
2,3 15, 18, 22 29,94
Delete 18 from the tree
11 25
2,3 15, 22 29,94
Delete 29 from the tree
11
15, 22,25, 94
2,3




Since the node containing the value 29, will have less than m/2 key values therefore both the siblings
will be merged.

Delete 2 from the tree: First rotate the key values in which 11 will move down and 15 will move up.

15

15
2,311 —‘

311 22,25, 94

Delete 15 from the tree: 22 will move up and 15 will move down than 15 will be deleted from the
leaf.

22
3,11,15 25,94
22
311 25,94
Delete 11 from the tree
22
3 ’15 25, 94

Delete 25 from the Tree: 25 is available at the leaf node but both siblings has m/2 key values
therefore merger will take place.



3,15,22,94

Delete 94 from the Tree: 3,15, 22

Delete 15 from the Tree: 3, 22

Further values from the tree can’t be deleted since the node is containing m/2 key values and neither
rotation is possible nor merger is possible.

11.5 Similarities in B-Tree and B* Tree

° Both have
maximum m-1 key values in a node if the order of the tree is m.

° Both the
trees can have maximum m pointers in a node if the order of the tree is m.

° Both the
trees the key values in a node must be in increasing order.

. Both the
trees leaves must be at the same level.

. At the time

of deletion the rotation is possible in both the trees.

Difference in B-Tree and B* Tree
° The height
of B*-Tree is either lesser or equal to the B-Tree for same number of key
values and for the same order of the tree.

. In case of
B* Tree, a node will have more number of key values compare to B Tree.
° B Tree,

rotation of key values is not allowed while in B* Tree rotation of key values
is allowed at the time of inserting the key values.

. We do not
split the node in B*-Tree until sibling are full while B tree, we split the node
once the node is full.

11.6 Practice Problems on B Tree and B* Tree
Problem: Insert 107 in the following B-tree of order 5.




Solution: The value 107 can’t be inserted directly in to the B tree of order 5 and a node can contain
maximum 4 values in this case the node. Therefore split the right child node.

4,5,6,7 22 29,92

Problem: Insert 2 in the following B* Tree of Order 5.

8 24

\ N
Solution: Since the sibling is gmpty therefore rét\ation is ;Nhere. 7 will move up and 8 will come
down and then 2 1 | — :

4,5, 6,7 22 29,92

4,5, 6 8,22 29,92

2,4,5, 6 7,22 29,92




Unit 6: Chapter 12

Graphs

Introduction to Graphs
12.0 ODJECTIVES ...ttt b ettt nn e 274
02200 I 10 oo [0 Tox 1 o o USSR RP SRR 275
12.2 BasiC CONCEPLS OF GrapNS........cveiiiiiiiiiiiisiieie e 275
12.2.1 TYPES OF GraPNS ..o 277
12.2.2 Representing Graphs ........oovoe it 278
12.2.2.1 AdJACENCY IMALIIX...c.vieuiiiiieiteeie ettt ste et te e ra e re e e s reesteennenneas 278
12.2.2.2 AdJACENCY LISE: ..oviiiieciticitie ettt re e reesre e nneas 280
12.2.2.3 AdJacenCy MUII-HSES........oovr it 281
12.2.2.4 WEIGNTEU EUGES ....eeiviiieieeiieieeee sttt ettt nn ettt 282
12.2.3 OPerations ON GraphiS.....ccuoueiiiiiiiieiieie ettt sbe ettt ne s 282
12.2.3.1 DePth-First SEArC ....ccoveieiiicece e 282
12.2.3.2 Breadth-First SEArch ........cccooviiiiiiiiieeee s 283
12.2.3.3 Connected COMPONENTS ........coveiiieiiieieirieiieieseeste e sreese e e e sre e e sreesaeenesreas 285
12.3 Graph TrAVEISAIS .......c.eiuieiiiie ittt rte st ae e e st e e st e st e e ae s e sreeteereesteenteennenreas 289
I B0 I [ o 0 [ OSSR PRSRPRRRN 289
I B - o (o T SRS PRSRPRRRIN 290
12.3.3 POST-OFUEN ..ottt ettt e st e te et e s e ste et esneesreeneeeneeaneeneeaneennens 290
12,4 SUMIMAIY ...ttt bbb b et b et b e b et e bt e bt et s e b e n e enne s 291
12.5 REVIEW YOUI LEAMING. .....ciiiiiieiieieiteite sttt sttt 291
12.6 QUESTIONS. .....eeeeeieesiesiie st teesiestee e esee st e steeseesre e teeseeeseesteeneeeseesseeneeaneesneeseaneeaseenseaneenrens 291
12.7 FUIhEr REAAING .. .oviiiiiiieieieeeee ettt 292
12.8 RETEIBNCES ...ttt ettt bttt b e bt re e beebe e st e s beebeeneenreas 292

12.0 Objectives

1. Explain basic graph terminologies.

2. Understand adjacency matrix and convert to graphs.

3. Describe various operations like BFS, DFS performed on graphs
4. Analyse the applications of graphs in day-to-day life



12.1 Introduction

A Graph in data structure is a type of non-linear data structure.Map is a well-established example of
a graph. In a map, various cities are connected using links. These links can be considered as roads,
railway lines or aerial network. Leonhard Euler was a scientist and he used graph theory to solve
Seven Bridges of Konigsberg problem in 1736. He laid the foundations of Graph Theory idea of
topology. The problem of Konigsberg bridge was to find whether there is a possible way to traverse
every bridge exactly once.This is shown in below in figure (a) and is called as Euler’s Tour.

Figure: (a) Seven Bridges of Konigsberg and (b) Graphical Representation of figure (a)
As we can see the graphical representation of Konigsberg’s seven bridges in figure b, here the points
A, B, Cand D are called as Vertex in graph terminologies and the paths joining to these vertices are
called as edges.
We can represent any graphical scenario with the help of graphs and find a solution for the same.
Applications of Graphs in real life:
1. Solving Electricity Distribution problem

Maps like Cities, Rivers, Countries and so on
Water distribution in various areas
CAD/CAM applications

Finding Disaster Relief Solutions

vk wnN

12.2 Basic Concepts of Graphs

Nodes / Vertices: A graph contains a set of points known as nodes or vertices

Edge / Link / Arc: A link joining any two-vertex known as edge or Arc.

Graph:A graph is a collection of vertices and arcs which connects vertices in the graph.
A graph G is represented as G = (V, E), where V is set of vertices and E is set of edges.

K Edges

Example: Graph G can be defined as G = (V, E) where,
V ={A,B,C,D,E} and
E ={(A,B),(A,C)(A,D),(8,D),(C,D),(B,E),(E,D)}.

Vertices




This is a graph with 5 vertices and 6 edges.
Graph Terminology

1.

10.

11.
12.

Vertex: An individual data element of a graph is called as Vertex. Vertex is also
known as node.

In above example graph, A, B, C, D & E are known as vertices.

Edge: An edge is a connecting link between two vertices. Edge is also known as Arc.
An edge is represented as (starting Vertex, ending Vertex).

Example: In above graph, the link between vertices A and B is represented as (A,B)

Edges are of three types:

a. Undirected Edge- An undirected edge is a bidirectional edge. If there is an
undirected edge between vertices Aand B then edge (A, B) is equal to edge (B,
A).

b. Directed Edge - A directed edge is a unidirectional edge. If there is a directed
edge between vertices A and B then edge (A, B) is not equal to edge (B, A).

c. Weighted Edge - A weighted edge is an edge with cost as weight on it.

Degree of a Vertex: The degree of a vertex is said to the number of edges incident
on it.

Euler showed that there is a path beginning at any vertex, going through each edgeexactly
once and terminating at the start vertex iff the degree of each, vertex is even. A walk which
does this is called Eulerian.

Ex: There is no Eulerian walk for the Koenigsberg bridge problem as all four vertices are of
odd degree.

Outgoing Edge: A directed edge is said to be outgoing edge on its origin vertex.
Incoming Edge: A directed edge is said to be incoming edge on its destination
vertex.

Degree: Total number of edges connected to a vertex is said to be degree of that
vertex.

Indegree: Total number of incoming edges connected to a vertex is said to be
indegree of that vertex.

Outdegree: Total number of outgoing edges connected to a vertex is said to be
outdegree of that vertex.

Parallel edges or Multiple edges: If there are two undirected edges to have the
same end vertices, and for two directed edges to have the same origin and the
same destination. Such edges are called parallel edges or multiple edges.

Self-loop: An edge (undirected or directed) is a self-loop if its two endpoints
coincide.

Simple Graph

A graph is said to be simple if there are no parallel and self-loop edges.



12.2.1 Types of Graphs

1. Undirected Graph: A graph with only undirected edges is said to be undirected
graph.

2. Directed Graph:A graph with only directed edges is said to be directed graph.
A <>
c (2

3. Complete Graph: A graph in which any V node is adjacent to all other nodes present
in the graph is known as a complete graph. An undirected graph contains the edges
that are equal to edges = n(n-1)/2 where n is the number of vertices present in the
graph. The following figure shows a complete graph.

4. Regular Graph: Regular graph is the graph in which nodes are adjacent to each
other, i.e., each node is accessible from any other node.

5. Cycle Graph: A graph having cycle is called cycle graph. In this case the first and last
nodes are the same. A closed simple path is a cycle.



6. Acyclic Graph: A graph without cycle is called acyclic graphs.

7. Weighted Graph: A graph is said to be weighted if there are some non-negative
value assigned to each edges of the graph. The value is equal to the length between
two vertices. Weighted graph is also called a network.

12.2.2 Representing Graphs

Graph data structure is represented using following representation types:
1. Adjacency Matrix

2. Adjacency List

3. Adjacency Multi-list

10.2.2.1Adjacency Matrix

In this representation, graph can be represented using a matrix of size total number of vertices
by total number of vertices; means if a graph with 4 vertices can be represented using a matrix
of 4X4 size.

In this matrix, rows and columns both represent vertices. This matrix is filled with either 1 or 0.
Here, 1 represents there is an edge from row vertex to column vertex and 0 represents there is
no edge from row vertex to column vertex.

Adjacency Matrix: Let G = (V, E) with n vertices, n > 1. The adjacency matrix of G is a 2-
dimensional n x n matrix, A, A(i, j) = 1 iff (vi, vj) €E(G) ({vi, vj) for a diagraph), A(i,j) =0
otherwise.

Example: For undirected graph
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The adjacency matrix for an undirected graph is symmetric but the adjacency matrix for a
digraph need not be symmetric.

Merits of Adjacency Matrix: From the adjacency matrix, to determine the connection of vertices
is easy.

The degree of a vertex is

n-1

> adj _mat[i][ j]

j=0
For a digraph, the row sum is the out_degree, while the column sum is the in_degree.
n—1 n-1
ind(vi)="Y ALj,i] outd(vi)="y_ A[i, j]
i=0 i=0

The space needed to represent a graph using adjacency matrix is n? bits. To identify the edges in
a graph, adjacency matrices will require at least O(n?) time.

2. Adjacency List

In this representation, every vertex of graph contains list of its adjacent vertices. The n rows of
the adjacency matrix are represented as n chains. The nodes in chain | represent the vertices
that are adjacent to vertexi.

It can be represented in two forms. In one form, array is used to store n vertices and chain is
used to store its adjacencies. Example:
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So that we can access the adjacency list for any vertex in O(1) time.
Adjlist[i] is a pointer to to first node in the adjacency list for vertex i. Structure is
#define MAX_VERTICES 50



typedef struct node *node_pointer;

typedef struct node { int vertex; struct node *link; };

node_pointergraph[MAX_VERTICES];
int n=0; /* vertices currently in use */

Another type of representation is given below.
Example: Consider the following directed graph representation implemented using linked list.

m|o|n|w>

This representation can also be implemented using array

(A)

N

©

12.2.2.2 Adjacency List:

Reference A!;’d'}.'\\/
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Sequential representation of adjacency list and its conversion to graph is:

0

l

2

3

4

5

)

1

10

1

12

13

14

15

19

20

2]

9

1

13

15

17

18

2

2]

l

3

0

0

3

s

<
D
;

C

A,

6 )

Instead of chains, we can use sequential representation into an integer array with size n+2e+1.
For O<=i<n, Array[i] gives starting point of the list for vertex |, and array[n] is set to n+2e+1. The
adjacent vertices of node | are stored sequentially from array[i].

For an undirected graph with n vertices and e edges, linked adjacency list requires an array of

size n and 2e chain nodes. For a directed graph, the number of list nodes is only e. the out
degree of any vertex may be determined by counting the number of nodes in its adjacency list.

To find in-degree of vertex v, we must traverse complete list.

To avoid this, inverse adjacency list is used which contain in-degree.
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Determine in—-degree of a vertex in a fast way.

12.2.2.3 Adjacency Multi-lists

In the adjacency-list representation of an undirected graph each edge (u, v) is represented by two
entries one onthe list for u and the other on tht list for v. As we shall see in some situations it is
necessary to be able to determine ie ~ ndenty for a particular edge and mark that edge as having
been examined. This can be accomplished easilyif the adjacency lists are actually maintained as
multilists (i.e., lists in which nodes may be shared among severallists). For each edge there will be
exactly one node but this node will be in two lists (i.e. the adjacency lists foreach of the two nodes to

which it is incident).

For adjacency multilists, node structure is
typedef struct edge *edge_pointer;
typedef struct edge {
short int marked;

int vertex1, vertex2;

edge_pointer pathl, path2;

|7
edge_pointergraph[MAX_VERTICES];

marked | vertexl | vertex2

pathl

path2

Lists: vertex 0: NO->N1->N2, vertex 1: NO->N3->N4
vertex 2: N1->N3->N35, vertex 3: N2->N4->N5

N1 D<[0|1]N2|N4]

N2 N0|2|N3|N4|

O Adijlists

1 //
2 pe——

3 —

N3 X 0]3 |\|N5|

(2.1

N4 [X]1

|2|N5|N6|

N5[><|1

N6 23 Tl

Figure: Adjacency multilists for given graph

edge (0,1)
edge (0,2)
edge (0.3)
edge (1.,2)
edge (1.,3)
edge (2.3)

six edges



12.2.2.4 Weighted edges

In many applications the edges of a graph have weights assigned to them. These weights may
represent the distance from one vertex to another or the cost of going from one; vertex to an
adjacent vertex In these applications the adjacency matrix entries A [i][j] would keep this information
too. When adjacency lists are used the weight information may be kept in the list’s nodes by
including an additional field weight. A graph with weighted edges is called a network.

o 1 2 3 a
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Adjacency Matrix Representation of
Weighted Graph

12.2.3 Operations on Graphs

Given a graph G = (V E) and a vertex v in V(G) we wish to visit all vertices in G that are reachable from
v (i.e., all vertices that are connected to v). We shall look at two ways of doing this: depth-first search
and breadth-first search. Although these methods work on both directed and undirected graphs the
following discussion assumes that the graphs are undirected.

12.2.3.1 Depth-First Search

Begin the search by visiting the start vertex v
o If v has an unvisited neighbor, traverse it recursively
o Otherwise, backtrack
Time complexity

o Adjacency list: O(|E|)

o Adjacency matrix: O(|V]2)
We begin by visiting the start vertex v. Next an unvisited vertex w adjacent to v is selected, and a
depth-first search from w is initiated. When a vertex u is reached such that all its adjacent vertices
have been visited, we back up to the last vertex visited that has an unvisited vertex w adjacent to it
and initiate a depth-first search from w.
The search terminates when no unvisited vertex can be reached from any of the visited vertices. DFS
traversal of a graph, produces a spanning tree as final result. Spanning Tree is a graph without any
loops.
We use Stack data structure with maximum size of total number of vertices in the graph to
implement DFS traversal of a graph.
We use the following steps to implement DFS traversal...
Step 1: Define a Stack of size total number of vertices in the graph.
Step 2: Select any vertex as starting point for traversal. Visit that vertex and push it on to the Stack.
Step 3: Visit any one of the adjacent vertex of the verex which is at top of the stack which is not
visited and push it on to the stack.



Step 4: Repeat step 3 until there are no new vertex to be visit from the vertex on top of the stack.
Step 5: When there is no new vertex to be visit then use back tracking and pop one vertex from the
stack.

Step 6: Repeat steps 3, 4 and 5 until stack becomes Empty.

Step 7: When stack becomes Empty, then produce final spanning tree by removing unused edges
from the graph.

This function is best described recursively as in Program.

#define FALSE O

#define TRUE 1

int visited[MAX_VERTICES];

void dfs(int v)

{

node_pointerw;

visited[v]= TRUE;

printf(“%d”, v);

for (w=graph[v]; w; w=w->link)

if (lvisited[w->vertex])

dfs(w->vertex);

}
Consider the graph G of Figure 6.16(a), which is represented by its adjacency lists as in Figure 6.16(b).
If a depthfirst search is initiated from vertex 0 then the vertices of G are visited in the following
order:01374526.
Since DFS(O) visits all vertices that can be reached from 0 the vertices visited, together with all edges
in G incident to these vertices form a connected component of G.
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Figure: Graph and its adjacency list representation, DFS spanning tree

Analysis or DFS:

When G is represented by its adjacency lists, the vertices w adjacent to v can be determined by
following a chain of links. Since DFS examines each node in the adjacency lists at most once and there
are 2e list nodes the time to complete the search is O(e). If G is represented by its adjacency matrix
then the time to determine all vertices adjacent to v is O(n). Since at most n vertices are visited the
total time is O(n2).

12.2.3.2 Breadth-First Search

In a breadth-first search, we begin by visiting the start vertex v. Next all unvisited vertices adjacent to
v are



visited. Unvisited vertices adjacent to these newly visited vertices are then visited and so on.
Algorithm BFS.
Program:

typedef struct queue *queue_pointer;

typedef struct queue {

int vertex;

queue_pointerlink;

b

void addqg(queue_pointer *,

queue_pointer *, int);

int deleteq(queue_pointer *);

void bfs(int v)

{

node_pointerw;

queue_pointer front, rear;

front = rear = NULL;

printf(“%d”, v);

visited[v] = TRUE;

addqg(&front, &rear, v);

while (front) {

v= deleteq(&front);

for (w=graph[v]; w; w=w->link)

if (lvisited[w->vertex]) {

printf(“%d”, w->vertex);

addq(&front, &rear, w->vertex);

visited[w->vertex] = TRUE;

}

}

}
Steps:
BFS traversal of a graph, produces a spanning tree as final result. Spanning Tree is a graph without
any loops. We use Queue data structure with maximum size of total number of vertices in the graph
to implement BFS traversal of a graph.
We use the following steps to implement BFS traversal...
Step 1: Define a Queue of size total number of vertices in the graph.
Step 2: Select any vertex as starting point for traversal. Visit that vertex and insert it into the Queue.
Step 3: Visit all the adjacent vertices of the vertex which is at front of the Queue which is not visited
and insert them into the Queue.
Step 4: When there is no new vertex to be visit from the vertex at front of the Queue then delete
that vertex from the Queue.
Step 5: Repeat step 3 and 4 until queue becomes empty.
Step 6: When queue becomes Empty, then produce final spanning tree by removing unused edges
from the graph
Analysis of BFS:
Each visited vertex enters the queue exactly once. So the while loop is iterated at most n times If an
adjacency matrix is used the loop takes O(n) time for each vertex visited. The total time is therefore,
O(n2). If adjacency lists are used the loop has a total cost of dO + ... + dn-1 = O(e), where d is the
degree of vertex i. As in the case of DFS all visited vertices together with all edges incident to them,
form a connected component of G.



12.2.3.3 Connected Components
If G is an undirected graph, then one can determine whether or not it is connected by simply making
a call to either DFS or BFS and then determining if there is any unvisited vertex. The connected
components of a graph may be obtained by making repeated calls to either DFS(v) or BFS(v); where v
is a vertex that has not yet been visited. This leads to function Connected as given below in program
which determines the connected components of G. The algorithm uses DFS (BFS may be used instead
if desired). The computing time is not affected. Function connected —Output outputs all vertices
visited in the most recent invocation of DFS together with all edges incident on these vertices.

void connected(void){

for (i=0; i<n; i++) {

if (Ivisited[i]) {

dfs(i);

printf(“\n”); } } }
Analysis of Components:
If G is represented by its adjacency lists, then the total time taken by dfs is O(e). Since the for loops
take O(n) time, the total time to generate all the Connected components is O(n+e). If adjacency
matrices are used, then the time required is O(n2).

Consider the following example graph to perform DFS traversal

Step 1:
Select the vertex A as starting point (visit A).
- Push A on to the Stack
A
Stack
Step 2:
Visit any adjacent vertex of A which is not visited (8B)
Push newly visited vertex B on to the Stack.
B
{e) A
Stack
Step 3:
Visit any adjacent vertext of B which is not visited (C)
Push © on to the Stack
<
B
(£ A
Stack
Step 4:
Visit any adjacent vertext of € which is not visited (E)
Push E on to the Stack
E
<
B
2y

Stack



Step S:
- Visit any adjacent vertext of E which is not visited (D).
- Push D on to the Stack

Step 6:

-~ There is no new vertiex to be visited from D. So use back track.
- Pop D from the Stack.

Step 7:
- Visit any adjacent vertex of E which is not visited (F).
~ Push F on to the Stack.

Step 8:
-~ Visit any adjacent vertex of F which is not visited (G).
- Push G on to the Stack.

Step 9:
- There is no new vertiex to be visited from G, So use back track.
- Pop G from the Stack.

»(®|n|m|0

Stack

»(w(n(m

Stack




Step 10:
- There is no new vertiex to be visited from F. So use back track.
- Pop F from the Stack.
E
C
B
A
Stack
Step 11:
- There Is no new vertiex to be visited from E. So use back track.
- Pop E from the Stack
C
B
A
Stack
Step 12:
There is no new vertiex to be visited from C. So use back track.
- Pop C from the Stack.
B
A
Stack
Step 13:
There is no new vertiex to be visited from B, So use back track,
Pop B from the Stack
A
Stack
Step 14:
There is Nno new vertiex to be visited from A. So use back track,
Pop A from the Stack.
Stack

Stack became Empty. So stop DFS Treversal,
Final result of DFS traversal is following spanning tree.

Consider the following example for BFS traversal.



Step 1:
- Select the vertex A as starting point (visit A).
- Insert A into the Queue.

Step 2:
- Visit all adjacent vertices of A which are not visited (D, E, B).
- Insert newly visited vertices into the Queue and delete A from the Queue..
C
Queue
[ Iloje]e] | |
F
Step 3:
- Visit all adjacent vertices of D which are not visited (there is no vertex).
- Delete D from the Queue.
C
Queue
1 Jsj=w] | |
F
Step 4:

- Visit all adjacent vertices of E which are not visited (C, F).
- Insert newly visited vertices into the Queue and delete E from the Queue.

Queue

L1 | fefjc]F]




