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SECOND ORDER SYSTEM

. . . Bcee| ( ~ P | 3680a1
Consider the following block diagram of closed loop control system. Here, SP= ~ X&) | Lo
an open loop transfer function, _ wi is connected with a UNity NEeZATIVE e wssettnsvevess g rsen

feedback. 5(s+20w,)

R(s) +

We know that the transfer function of the closed loop control system having unity negative feedback

as
C(s)  G(s)
R(s) 1+ G(s)
Substitute, G(s) = e _“ijﬂw 7 in the above equation.
W,
C(SJ - (s[s—l—Eﬁwﬂ} wﬁ
R(s) wh 82 4+ 20wp,s + W
( ) 1+ (s{s—FZ:ﬁwn))

The power of 's’ is two in the denominator term. Hence, the above transfer function is of the second
9/27/20 _ _ 2
order and the system is said to be the second order system.
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The characteristic equation is -
2 2 __
s° + 20w,s +ws; =0

The roots of characteristic equation are -

_2{"_;5” -+ \/(Zﬁwﬂ)z — 4':*}?1 —2(5{4}“ I W \/52 o 1)
. _
> 2

= 8§ = —0w,, = wnx/ﬁz — 1

The two roots are imaginary when & = 0,
The two roots are real and equal when 0 = 1.

The two roots are real but not equal when & > 1.

The two roots are complex conjugate when 0 < & < 1.
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Substitute, § = ( in the transfer function.

Substitute, R(s) = % in the above equation.

w2 1 W
C — TL = _ Tl
) (sﬂ+wi) (5) s(s? + wn)

Apply inverse Laplace transform on both the sides.

c(t) = (1 — cos(wyt)) u(t)

So, the unit step response of the second order system when /delt& — () will be a continuous time
signal with constant amplitude and frequency.
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Substitute, /delta = 1 in the transfer function.

C(s) Wi
R(s) 24 2w,s + w3

) R

w3

(8 + wn)?

= (C(s) = (

Substitute, R(s) = % in the above equation.

w? 1y w?
Cls) = ((S +mﬂ)2) (;) 8(8+ wn)?

2
C(s) — wa _ A+ B C

+
s(s+wp)? s stw, (s+wy)?

Do partial fractions of C(s).

After simplifying, you will get the values of A, B and C as 1, —1 and — w,, respectively. Substitute
these values in the above partial fraction expansion of C(s).
1 1 Whn

C(s) =—— —
(5) s s+tw, (s+wy)?

Apply inverse Laplace transform on both the sides.

c(t) = (1 — et — wyte " Yu(t)
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We can modify the denominator term of the transfer function as follows —
8% + 20wy s + wi = {s% + 2(s)(dw,) + (dw,)?} + wi — (dwy,)’
= (s + 6wy, )® + w(1 —6%)
The transfer function becomes,

C(s) W

R(s) (s+ 6wyp)? +wi(l—462)

= 0ls) = ((s n fﬁwﬂ_);j—glm.ﬁ(l N fsz)) R(s)

Substitute, R(s) = 1: in the above equation.

Lu,%_ 1 wﬁ
= ( ) (3)-
(8 4 0wy )? + wi(1 — 62) 8 s ((s + 6wp)? + wn(1—62))
Do partial fractions of C'(s).

W A Bs+C
C(S) - 9 = — T . 2
S ([S + (Ewﬂ)z + wﬂ_(l - 1’52)) 8 [5 + ﬁmn)z + wﬂ(]' o ‘5?)
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After simplifying, you will get the values of A, Band Cas 1, —1 and — 20w, respectively. Substitute
these values in the above partial fraction expansion of C(s).

1 § + 20w
C(s) =— — n
§ (54 0w,)? +wi(l—42)
C(s) = - 5 + duw, ) S
s (540w, +wi(1—62) (s+dw,)?+wi(1—42)
C(s) =1 - (s+0uwn) o wny/ 102
S (50w V1= V187 \ (50w, )+ (wa v/ 1-82)

Substitute, w,v/1 — §2 as w, in the above equation.

O(s) — 1 (8 + dwy) 0 ( W )

S (s+d0wp)?+wi V1-—62\ (54 0w,)? + w3
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Apply inverse Laplace transform on both the sides.

)
V1 §2

c(t) = (1 — e %! cos(wgt) — e Ont sin(w,it]) u(t)

c(t) = (1 _ jl_aj;z (V1= 87 cos(wat) + 65in(wdt})) u(t)

If v1 — 62 = sin(@), then '8’ will be cos(8). Substitute these values in the above equation,

c(t) = (1 — «./;1':5'9 (sin(@) cos(wgt) 4 cos(8) sin(mdtj)) u(t)

= c(t) = (1 - (;ﬂj;) sin(wqt + 9}) u(t)

50, the unit step response of the second order system is having damped oscillations (decreasing
amplitude) when ‘&’ lies between zero and one,
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We can modify the denominator term of the transfer function as follows —

52+ 20wy + wh = {5 +2(s)(0wn) + (6wn)?} + wh — (dwy)’
= (84 6wy,)? — w2 (6% — 1)

The transfer function becomes,

2
W

( (5 + 0w,)? — w2 (8% — 1}) R(s)

Substitute, R(s) = — in the above equation.

- 2

o 1 i
C(E} ( {5 | 5-'.:.1:-:]'2 ["-'-'n fﬁ}z ) ( S) 5(5 | Emrl Flin Y 51 1]{5 | ﬁ-‘.-.-l” wﬂfﬁz 1}
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'u'"r'i"i-
C'(s) =
s(s 4+ dwp + wpVv' o2 1) (5 + wy — wnv o2 1)
4 5 } c
5 s+ Owp + wpvo? — 1 § 4+ Owy — wpvo? —1

—1

1
2(8 487 1)+ 6% 1) and 2(d /3% 1)+ 8% 1)

respectively. Substitute these values in above partial fraction expansion of C'(s).

oy — L 1 1 :)
s 2(8 4+ V82 —1)(VE2 — 1) \s 4 Sw,, + w2 — 1

After simplifying, you will get the values of A, B and C as 1,

1 1
(so—vivvm=) Gram i)
Apply inverse Laplace transform on both the sides.
c(t)
_ 1 ( Sewry it v/ 5= —1)2
(1 T (2{5*-,_!&2—1}[&.52—1;) €

. 1 —(Bewry, — i A 5 —1)2
2(d—+/8% —1)(+/ 87 1}.) “ )”{t]

Since it is over damped, the unit step response of the second order system when & > 1 will never
reach step input in the steady state.
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