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Change of order of integration

Change of order of integration is done to make the evaluation of integral easier
The following are very important when the change of order of integration takes place

1. Ifthe limits of the inner integral is a function of x (or function of y) then the first
integration should be with respect to y (or with respect to x )

2. Draw the region of integration by using the given limits

3. Ifthe integration is first with respect to x keeping y as a constant then consider the
horizontal strip and find the new limits accordingly

4. If the integration is first with respect to y keeping x a constant then consider the
vertical strip and find the new limits accordingly

5. After find the new limits evaluate the inner integral first and then the outer integral

Sketch roughly the region of integration for | 01 [ Dx f(x,y)dydx

Solution:

Given fol f: f(x,y)dydx
x varies fromx =0tox =1

y varies fromy =0toy = x
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Example: 4.12

a W az—xz
Shade the region of integration [ fm dxdy
Solution:

JaZx2 ‘
foa ) \,% dydx is the correct form

x limit varies fromx =0tox =a

y limit varies from y = Vax — x? to y = Va? —x?
ie,y?=ax—x?% to y? = a? — x?
ie.,y? +x% =ax to y?+x%?=a?
x? 4+ y? = ax isacircle with centre (E, 0) and radius %

x? +y% = a? isacircle with centre (0,0) and radius a

y y=Val-x?

Example:4.18

Change the order of integration in foa f:’f(x, y)dy dx
Solution:

Giveny: x - a
x:0—a

The region is bounded by y = x,y =a,x =0and x = a

~»
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x axis limit represents the horizontal strip and y axis limit represents vertical
x:0—y
y:0—-a
By changing the order we get

fo ' ] " sy
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Example: 4.19
Change the order of integration fol f: f(x,y)dy dx

Solution:
Giveny: 0 - x
x:0 -1
The region is bounded by y =0,y =x,x =0,x =1

x:y—1

y:0—-1

By changing the order we get

fl flf(x, y)dx dy
[ v
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Example: 4.20
Change the order of integration and hence evaluate it foa fxa(x2 +y?)dy dx
Solution:
It is correct form, given order is dydx given y:x — a
x:0—>a

the region is boundedby y = x,y = ax = 0Oandx = a

x axis limit represent the horizontal strip

y axis limit represents vertical path

changed order is dx dy
x:0->y
v:0—->a
a eV, 2. o _ra[x3 2 1
Iy S (2 +y®dxdy = | I?+y x| dy

o
[ [”’; + 3| dy

12 41 4 3
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Example: 4.21
. . 4a 2Vax
Change the order of integration for [~ [, 14 XY dy dx
Solution:
It is correct form
Given order is dydx
. x*
Given y: Prlns 2y ax
x:0- 4a
The region is bounded by x2 = 4ay , y? = 4ax
x = 0and x = 4a
»
-~
-~ -
- 4a)
S
"
= -
p* + X
0k " -
— Ran

Changed order is dxdy draw a horizontal strip

2 dy

¥
aa

_ J-4a [xzy]%‘ra_y
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4a (2v/ay)? 2
=[, %) dy

= L)y -5 @
_ [4ay® I
_[ 6 _1920;2]9

_4a(4a)®  (4a)®
6 192a2

_128a* 4096 4,
3 192

_ 64g*
3

Example: 4.22
(/P

2
Change the order of integration of f(:) o xydxdy and hence evaluate it

Solution:
It is correct form

Given order is dxdy
Given x: O—)% b% — y?
y: 0> b

. . = — & 22 x_2 ﬁ=
The region 1sboundedbyx—0,x—b,/b ¥* gk

b2

y=0,y=b
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Changed order is dydx
Draw the vertical strip
b [2 2
y:0- - a“ —x
x:0->a
—— bras—2
fa J.E a?-x? dv d _ J‘ﬂ JC}'Z]H R d
0o Jo xyayax = Jy |5, 0 X
b 2
a [E\-’az—xz x
= J, dx

= p2 “_4_“_4]=b2 [“2 a*

2 4

Example: 4.23
Change the order of integration and hence evaluate fol _f:z_x xy dy dx
Solution:

It 1s correct form

Given order is dydx
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Given y: x2 > 2—x
Xz 0=l
The region is bounded by = x2, y + x = 2

Now divide the region in to two parts i.e. R; and R;
Changed order is dxdy
Draw horizontal strip

For Region R

Limits are x: 0 — Jy

yv: 00— 1

R sy axdy = 2] ay
= (u?z)zy dy
— 2 Ly
-

~»
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For region R»
Limitsarex: 0 - 2 —y

y:1-2

2 f2-y 2 xzy 2-y
j f xydxdy = [ [—] dy
1 70 1 2 0

:J'Z (2_y)2y dy

1 2

_ (2 (a—ay+yD)y

=) ——dy
2 3 472
=1 2_24_3”_

2 | 2 3 alq
=il8-2Z4+4-2+2-1
-

24

R =R +R»
24

Example: 4.24

Change the order of integration in _['01 fyziy xy dx dy and hence evaluates
Solution:
It is correct form
x:y—=2—y
yv: 0—=1
The region is bounded by x =y ,x +y =2
v =0, v =1
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Now divide the region into two parts ie. R; and R,
Changed order is dydx

Draw horizontal strip

For region R

Limits are x: 0— 1

y:0 =%
1 02— 1
I f, 7 xydxdy = [ f; xydy dx
1 [xy?
_fO [Todx
1 [a®
=k [E -
=2 x3dx =1 i |
0 2 L4
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For region R»
x:1— 2

¥i0 = 2—%
2 [2-Xx 2 [xy? =%
J;J, “xydydx =[] [T]o dx

. ff [x (2-x)? _ 0] dic

2

1 2 x(4+x%- ax
=_f x(4+x"- 4x) dx
2744 2

— % f12(4x + x3 —4x?) dx

2 4 372
=1[4x_+x__4x_]
2 4 3: 311

2
= —[2x2+’;—4—4’§:
- [(o+2-20)- (23-9)
frea-2o2oted
; & 5 5
~ 2 [E = 74
=>R=R;+R»
1.5
8 24

Il
| =

Example: 4.25

Change the order of integration fow f:’ :: dy dx and hence evaluate it

Solution:
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It is correct form
Given order is dy dx

Giveny: x = o

x:0-> o
Y
o //
x=0 ///
5
(0,0)
Changed order is dxdy
Draw a horizontal strip
x:0-y
y:0- o
o pyigd = ([~ 2
EE de dy = |, [e Y]o dy
. oo
= * -y = ﬂ
, €7dy T,
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Example: 4.26

Change the order of integration I = fﬂa f:% dx dy and the evaluate it
x“ty

Solution:
It is correct form
Given order dxdy
xX:y—-a
yi 00— a
The region is bounded by x =y ,x = a

y=0,y=a

0

Changed order is dy dx
Draw a vertical strip
y: 0-x

x: 0- a

Jy [ == dy dx =f0ax[ta2_1(%)]: dx

x2+y2
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= fﬁa[tan‘l (E) —tan~10] dx

x
ar
~— ) 1 dx
[+,
.
4 Jo
T
= —a
4
Example: 4.27
a gy ﬂ.z—Iz
Evaluate fo fo xy dy dx by changing the order of integration

Solution:

It is correct form

Given order dy dx
Given y: 0->+VaZz—x?
x:0- a
the region is bounded by y = 0, y = Va2 — x2

X = , X =4

changed order dxdy
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Draw horizontal strip

X Oﬁm

y: 0> a
fo S xydy de=[] [{* 7 xy dx dy

T

== [y y(a*-y?) dy




