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Properties of DFT
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Linearity

Periodicity

Circular Time Shift
Time Reversal
Conjugation

Circular frequency Shift
Multiplication

Circular Convolution
Circular Correlation

Parseval’'s Theorem
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Linearity

Statement: The linearity property of DFT states that the DFT of a
linear weighted combination of two or more signals is equal to

similar linear weighted combination of the DFT of individual

signals.
Let DFT{x,(n)}=X;(K)&DFT{x,(n)}=X,(K) then,
DFT{a;x,(n)+a,x,(n)}=a, X, (K)+a,X,(K)

Where a,; & a, are constants.
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Proof: By definition of DFT,
X, (K)=DFT{x;(n)}=X35 x;(n) e /2" Nomeenee(1)
X,(K)=DFT{x,(n)}=Xn29 *,(n) € /2" Noeeeen (2)
DFT{a,x, (n)+a,x,(n)}= X529 {a;x;(n)+a,x,(n)} e 72"/ N
= YN_1{a x,(n) e /2™"/ N+a,x,(n) e /2™*n/ N}
=a; Yno (X1 (n)} e 72"/ N+a, ¥ =5{ x,(n)} e J2™"/ N

DFTl{a,x,(n)+a,x,(n)}= a,X;(K)+a,X,(K) [By Equ 1 and 2]
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Periodicity

Statement: If a sequence x(n) is periodic with periodicity of N
samples then N-point DFT, X(K) is also periodic with a periodicity
of N Samples

Let x(n)=x(ntN) forall n
x(K)=x(K+N) for all K
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Proof: By definition of DFT, the(K+N) coefficient of X(K) is
given by,

X(K+N)=Y5-g x(n) e 2rk+Mn/y
=Z'I\II;(} x(n) e—jann/N. e—jZnNn/ N
=Yn-0 x(m) e NN [eEM = 1]

X(K+N)=X(K)
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Statement: The Circular time shift property of DFT says that if
a discrete time signal is circularly shifted in the time by ‘m’
units then its DFT is multiplied by e/2™m N

Let DFT{x(n)}=X(K) then,

X(K). e7/2™™m/ N=DFT{x(n-m)}



Proof:

DFT[x(n-m)N]=Z,’¥;(} x{((n-m))y}e” AW N

Let p=n-m

n=m+p

DFT{x(n-m)y} =Y,25 x(p) e /2mkm+p)/ N

2 L x(p) eJ2mkm/ N g-i2kp/ N

=g~ J2mkm/ sz-o x(p). e J2mkp/ N
DFT{x(n-m)N} =e /2™m/ N , X(K)
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Conjugation

Statement: Let x(n) be a complex N-point discrete sequence x*(n) be

its conjugate sequence

If  DFT{x(n)}=X(K) then,
DFT{x*(n)}=X*(N-K)
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Proof:

DFT{x*(n)}

=Tas0® () eFEUN

=[YN-1x(n) e/2™"/N 1]

22’;& x(n) ej21tkn/N .e—jZTtn:

Zrhzl;(% x(n) ejZT[kn/N . e—jZnnN/N]*

[Zn6 x(n) e /2 N=km/N]

DFT{x*(n)} =X’ (N-K)
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Statement: The Multiplication Property of DFT says that the DFT of
product of two discrete time sequences is equivalent to circular
convolution of DFT’s of the individual sequences scaled by the
factor of 1/N

If DFT{x(n)}=X(K) then,

DFT{x,(n) %,(n)}=1/N{X, (K)OX,(K)}
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Proof:

By definition of IDFT,

X1(n)=% N—lX (K) ejZ‘ltkn/N

Let k=m

1 3 .
)= Tz o Xy (1) @2 N (1)

By definition of DFT,

DFT{x,(n) x,(n)} =X3-0 X1 (1) x,(n)e 2™/ N (2)
Substitute (1) in (2) we get,

DFT{x;(n) x,(n)} ={ ¥n=

[1/N EN-1 X, (m) e/2™ "/ N] x,(n)e /2™*"/ N}

C.GOKUL PRASAD/AP/ECE/PROPERTIES OF DFT

12



DFT{x; (n)xy(m)}={1/N Sy Xy (1) g X,n) e 75N el2mmn/ )
={1/N Tz X1(m)[ Lz X,(m) e 72k N}
DFTle(n)xz(nH:{l/ N 21)\1,:_:%) Xiomy Xy ((k - m))nl

= INIX, (K)OX,(K)}
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Statement: The Circular Convolution of two N-Point Sequences
X;(n) & x,(n) is defined as,

x1(n) © x,(n) = ¥320 x; (1) x,((n — m))y

The Convolution Property of DFT says that, the DFT of circular
convolution of two sequences is equivalent to product of their
individual DFTs

Let DFT{x,(n)}=X;(K) and DFT{x,(n)}=X,(K) then,

By Convolution property,

DFT{x;(n) © x,(n)}=X; (K) X,(K)
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Proof: Let x,(n) & x,(n) be N-Point Sequences, Now by definition of DFT
X,(K) = XN x (n) e J2mkn/ N =3N-L . (m) e J2*™/ N [n=m]- (1)

Xy(K) = £oa xy(m) e/ =31 2, () e PIN - [n=p]—(2)

Consider the Product of X;(K) X,(K). The inverse DFT of the product is given
by,

DFT{X; (K) X,(K)}= 1/N Zie=o X; (K)X;(K) 2™ Neweeoee(3)

Substitute the value of equ 1 and 2 in equ 3 We get,

DFT{X; (K)

1 i - i AT} ey ’
Xy(K)}= B8 [T x, (m) 204/ ) [EN4x, () 2742/ ef2en
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DFT{X;(K) Xy(K)}=+ Zhch ,(m) EN2g x,(p) EA] e/2mkn-m=p/ ()
Consider the Summation Y¥-J /2™ ®=m=P)/ N in equ (4)

Let n-m-p=qN and q is an integer

N-1 gj2mk(n-m-p)/ N=yN-1 gj2nkqN/ N =yN-1 gj2nkq = yN-1 e(i21q)"
= TN (1)¥=N-—(3
Consider the summation Zg;(} X,(p) in the equ (4)we get
Z”;(} %,(p) = Zmeo X,(n —m — qN) = T30 x,(n — m, Mod N)
m=0%2(P) = Zn=o %;((n-m))y———(6)
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DET{X,(K) Xo(K) =N = %1 (1) Ecg % (0-m)) . N

DFT(X,(K) X,(K)l=Zme X1 (1) X;((n-m))y
DET{X; (K) X,(K)}= x;(n) © x,(n)
X, (K) Xo(K)=DFT{x, (n) © x,(m)}

Thus proved



Circular Correlation

Statement: The Circular Correlation of two sequence x(n) and y(n) is defined as
ty(m) = XaZg x(m)y " (n - m))y

Let DFT{x(n)}=X(K) and DFT{y(n)}=Y(K) then by Correlation property,
X(K)=Xn=g x(n) e 72/ Nowene(1)

Y(K)=X7=3 ¥(p) e 2™/ N [n=p]-(2)

Consider the product of X(K) Y'(K). The IDFT of the product is given by,
DFTY{X(K) Y'(K)}=1/N Z¥-4 X(K) Y*(K) &2/ N

Let n=m

=1/N ZHBX() Y/ (K) 2/ N )
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Substitute the value of equ 1 and 2 in equ 3 We get,
1 208 2z o S e o

=1 I8 [ZNZ x(m) e T2/ N) [SH23 y(p) /240 N e/2mkm/ N
1 oN-— 1 -1 _j K

==Yn-0 x(M) X5y (p) Lig /2™ M-MPV/ N —(1)

Consider the Summation Y §-g e/2™(=m+P)/ N in equ (4)

Let n-m+p=qN and q is an integer
Zk o5 e]2nk(n—m+p)/N ZN_ ]21rqu/N Z e]21tkq ZN_ e(}an)

=Y k=0 (1)K=N-----(5)
Consider the summation ¥)-0 y * (p) in the equ (4)we get

Y0y ) =305y (n—m+qN) =3V 5y (n—m ModN)
yo0Y (@) =%nz0y ((n-m))y-------(6)
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DFTYX(K) Y'(K)}=1/N ¥N23 x(n) X325 ¥ "((n-m))y .N
DFTYX(K) Y'(K)}=XN-d x(n) V-2 y " ((n-m))

=Y n=0 x(n) y ((n-m))y
DFT{X(K) Y'(K)}= r,,(m)
X(K) Y'(K)=DFT{r,,(m)}

Thus proved
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Parseval’s Theorem

Statement: Let DFTi{x,(n)}=X;(K)& DFT{x,(n)}=X,(K) then by

Parseval’ theorem

YhZo X X, (M)=1/N TXZ5X,(K) X,'(K)

Proof:

Let x,(n) and x,(n) be N-point Sequences
By the definition of DFT, X,(K)=Y_1 x,(n) e /2™ (1)
By the definition of IDFT, x,¢;) = 1/N Y8-0 X,(K) &/*™"/ N-(2)
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Consider the right hand side term of the Parseval’s theorem,

1/N SN %, (K) X, (K)=1 TNZ3 (TN, (n) e 72T/ NIX,*(K)
1/N X3 X4 (K) X, (K)=2023 2, () [ TR X, (K)e72mkn/ ]
1/N TXZ5X(K) X,*(K) =320 x, () | BN=3 X,(K)e2kn/ N

1/N Z%;(l) X;(K) Xz*(K)=Z£¥=—3 X1(m) X2 * (n)
Thus Proved.
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Thank You!
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